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We show that protein flexibility can be characterized using graph theory, from a
single protein conformation. Covalent and hydrogen bonds are modeled by distance
and angular constraints, and a map is constructed of the regions in this network
that are flexible or rigid, based on whether their dihedral bonds remain rotatable
or are locked by other interactions in the network. This analysis takes only a sec-
ond on a typical PC, and interatomic potentials; the most time-consuming aspect
of molecular dynamics calculations, are not required. Our preliminary work has
shown that this approach identifies the experimentally observed, biologically im-
portant flexible regions in HIV protease and lysine-arginine-ornithine binding pro-
tein. Here we analyze three evolutionarily distant cytochromes ¢, and find strong
similarity between their flexible regions, despite having only 39% sequence iden-
tity. Furthermore, we show how the structural flexibility increases as the weaker
hydrogen bonds are removed, as would happen under thermal denaturation of the
protein. This approach identifies the critical hydrogen bonds that cross-link the
tertiary structure.

1 Introduction

Predicting flexibility in proteins has proven elusive. For example, molecular
dynamics simulations with realistic potentials cannot be run for long enough
times to extract the large-scale motions that correspond to low frequency mo-
tions in normal modes analysis !. Thus, the development of techniques for
studying protein flexibility remains an important current problem. Proteins
are held together by several kinds of forces, of which the most important are
the covalent forces that determine many bond lengths and angles, including the
dihedral angles associated with peptide bonds. During protein folding, once hy-
drophobic collapse of the polypeptide chain has occurred, hydrogen bonds are
responsible for holding together the secondary structures, principally a-helices
and f-sheets, and stabilizing the higher-order structures in which helices and
sheets fold together into the complex units responsible for the diverse biological
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activity of proteins.

2 Representing the Covalent and Hydrogen—Bond Structure as a
Network

A useful insight into modeling protein flexibility is that a protein structure
can be reduced to its essentials, and viewed as a mechanical system of points
(atoms) whose motion is limited by distance and angle constraints > repre-
senting the interatomic bonds. These constraints are sometimes sufficient to
render a region immobile (i.e. rigid) and sometimes some freedom remains
which allows motion to occur. When applied to the covalent and hydrogen-
bond network of a single, static protein structure, this approach*5:® can predict
the important rigid and flexible features in proteins, including HIV protease,
dihydrofolate reductase, adenylate kinase and lysine-arginine-ornithine binding
protein &7,

Proteins are held together by several kinds of forces, of which the most im-
portant are the covalent forces that fix many bond lengths and angles, including
the dihedral angles associated with peptide bonds. Many other forces are also
important, including hydrophobic, van der Waals, hydrogen-bond, and elec-
trostatic interactions. Our hypothesis is that once the protein is in the folded
state, the strong short-ranged forces mainly determine the flexibility; thus,
we focus our attention on the covalent and hydrogen bonds and salt bridges,
considered as a special case of hydrogen bonds. The idea is that when parts
of the folded protein move, this motion must be consistent with maintaining
the covalent bonds and a majority of the hydrogen bonds, as their breakage
would involve too high an energy penalty. On the other hand, local motion is
not so costly against the other forces in the protein, as they are more diffuse
and do not involve individual bonds, but rather consist of regions interacting
with each other. Even hydrophobic interactions do not seriously inhibit local
flexibility, as they tend to be fairly slippery and nonspecific.

In modeling a protein as a bond network or graph, the covalent bond be-
tween two adjacent atoms, say C,~C in an amino acid, is considered to fix
the distance between these two points, so that all motions must be consis-
tent with this constraint. An angular constraint, reflecting the bond angle, is
represented by a constraint between second-neighbor atoms, e.g., between the
N and C neighbors tetrahedrally coordinated to a main-chain C, atom. An
additional constraint is introduced between third-neighbor O and H atoms in
the O-C-N-H group, to prohibit any rotation around the C-N peptide bond
linking amino acids along the protein main chain. Such constraints restrict
the possible motions of the main and side chains, and have also been used in
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Figure 1: Model of a hydrogen bond, involving donor and acceptor atoms, shown as nitrogen
and oxygen, respectively. Covalent bonds are shown as thin black lines. The hydrogen bond
is modeled as three generic distance constraints, consisting of a nearest-neighbor central-
force constraint shown as a thick solid line (top center), and two next-nearest-neighbor
bond-bending force constraints (maintaining the donor-hydrogen-acceptor angle at the ex-
perimentally observed value), shown as dashed lines. Each hydrogen bond is also associated
with three a priori rotatable dihedral angles, indicated by the arrows. (In this example,
no rotation is allowed about the C-O bond when it is a double bond — for instance, in the
carbonyl group of the protein main chain.)

molecular dynamics calculations®® to reduce the number of dynamical degrees
of freedom. A wide range of hydrogen-bond strengths are found in proteins,
and we use the following criteria. A hydrogen bond is said to form ¢ if the
donor-acceptor distance is less than 3.6 A and the donor-hydrogen-acceptor
angle is greater than 90°, and the energy is less than —0.1 kcal/mol, using a
hydrogen bond energy function 1°. These hydrogen bonds are included in the
network used to represent the protein for graph theoretical analysis. The ac-
ceptance criteria can be made more stringent by decreasing the energy cut-off
(remembering that the hydrogen-bond energy is negative), resulting in only
the strongest hydrogen bonds being included. Thus the stronger terms in the
potential are included as constraints and the weaker forces are not. The scheme
for incorporating hydrogen bonds into the network is shown in Figure 1.
Once these constraints are identified, the search for rigid regions and the
intervening flexible joints can begin. This is referred to as rigid region de-
composition ®. For small molecules, the rigid regions and flexible joints are
found as follows. An unconstrained point (atom) has 3 degrees of freedom
in 3-dimensional space. For the r atoms in an r-fold ring (e.g., r = 5 for a
proline side chain), there are 3r degrees of freedom, which are reduced by the
r covalent bond-length constraints in the ring and by another r covalent bond-
angle constraints. This leaves a residual r degrees of freedom, of which 6 are
the macroscopic rigid body motions involving the whole molecule. Therefore,
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there are r — 6 internal bond-rotational degrees of freedom, or floppy modes 12
associated with a ring. These are zero-frequency continuous deformations of
the molecule consistent with the constraints and therefore do not cost any
energy. When r = 6, the number of floppy modes is zero, and the region is
said to be isostatically rigid 56, For r > 6, the ring is underconstrained, or
flexible. Thus a seven-fold ring has a single floppy mode that can be visualized
as a rolling motion around the perimeter. A five-fold ring has one constraint
more than is needed for rigidity; thus, it is overconstrained with one redun-
dant constraint, creating stress within the ring. The relative flexibility of each
bond in the ring can be quantified by a flexibility index, f = (r — 6)/r, giving
the number of floppy modes (residual independently rotatable dihedral angles)
within the ring, divided by the number of bonds in the ring. For an overcon-
strained ring, the flexibility index is negative, giving the number of redundant
constraints per bond. Thus, for flexible regions the flexibility index represents
the density of floppy modes, and for rigid regions it represents the density of
redundant constraints within the region.

This simple counting by inspection cannot be extended much beyond single
rings. However new concepts from graph rigidity theory 8*3 can be applied to
macromolecules of the size and complexity of proteins, where it is difficult to
determine which constraints are independent, and it is no longer possible to
count constraints manually. The formal way to tackle such problems is via
a branch of graph theory that was first formalized by Laman 4. For two-
dimensional systems, Laman’s theorem states that, beyond a global count of
degrees of freedom, ® every subgraph in the network must be evaluated in a
similar way. Here, these ideas are extended to 3-dimensional systems.

Laman'’s theory cannot be generalized to 3-dimensions in general, but we
have been able to make a generalization if there are angle bending forces for
every pair of central forces at an atom, meaning that the bond angle defined
by the molecular orbitals is held fixed. Fortunately this is always so with
covalent bonds, and hydrogen bonds can also be modeled this way, with the
hydrogen atom being placed explicitly between the acceptor and donor. All
such bond angles, which are represented by second-neighbor forces, are then
constrained ®®. In addition the dihedral angle rotation associated with the
peptide bond is locked, by including a central force constraint between third-
‘neighbor atoms located on either side of the peptide bond. There are no
additional angular constraints associated with this third neighbor constraint,
which is added after all the other kinds of constraints are in place.

A new combinatorial algorithm has been applied that balances local con-
straints with degrees of freedom. We find that the computational performance
is linear in the number of atoms in the protein. This general approach to
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constraint counting is referred to as the pebble game 3161718, Three virtual
pebbles (representing three degrees of freedom) are associated with each atom
in the network, and subsequently moved onto bonds to identify the indepen-
dent constraints. The pebble game has been used in physics problems to study
rigidity percolation in 2-dimensional triangular networks *31¢ and also in 3-
dimensional glass networks'®. The pebble game has now been embedded in the
FIRST algorithm, which incorporates protein stereochemistry, particularly the
dependence of covalent bond rotation on bond order (single, partial double, or
double), and the dependence of hydrogen bonds and their strength on the bond
length and angle. Here we apply FIRST to analyze and compare flexibility for
cytochromes c¢ from three species.

3 Calculating Flexible and Rigid Regions in Cytochrome c

The bond network representation for horse cytochrome c is shown in Figure 2,
based on the crystallographic structure (Protein Data Bank, or PDB, code
1lhrc). Covalent (thick tubes) and hydrogen bonds (thin black lines) define the
network; side-chain covalent and hydrogen bonds are also included in the calcu-
lation but are omitted from the figure for clarity. Because hydrogen atoms are
not visible at typical crystallographic resolutions, they are added to the struc-
tures using the Whatlf software package!®. In this analysis, crystallographic
waters with > 50% solvent accessibility are discarded from the structure. We
regard these waters as mobile and therfore not part of the static structure. In
some cases, the hydrogen atom position is unambiguous ‘due to the bond type
(e.g., for amide nitrogens). In cases where the position is ambiguous (e.g., for
hydrogen atoms in hydroxyl groups), Whatlf positions them so as to optimize
hydrogen-bond opportunities. Hydrogen bonds are then defined using a rough
geometric screen (donor-acceptor distance of < 3.6 A and donor-hydrogen-
acceptor angle of > 90°), followed by identifying the subset of these bonds
having favorable energy (< -0.1 kcal/mol), considering the distance and angles
between donor and acceptor groups 0. Salt bridges are considered to be a
special case of hydrogen bonds, with lengths up to 4.6 A and angles of > 80°
allowed in the initial screen.

Once the covalent and hydrogen-bond networks are defined, this informa-
tion is provided as input to FIRST for identifying dihedral angles that remain
rotatable in the system, versus those fixed by the bond and angular constraints.
FIRST also identifies rigid clusters and intervening flexible joints based on this
information, and calculates the flexibility index. The flexibility index is cal-
culated by identifying a flexible region and counting the number of remaining
degrees of freedom (i.e. floppy modes) in that region. The flexibility index is
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Figure 2: The network of main-chain covalent (grey tubes) and hydrogen bonds (thin black
lines) in horse cytochrome ¢ (PDB code 1hre). The different shades of grey for the covalent
bonds are shadows due to the 3-dimensional rendering

then given by the number of floppy modes per bond within that region. The
flexibility index for bonds in a region that is rigid but contains no redundant
bonds (i.e. an isostaticly rigid region) is zero. The flexibility index is negative
for the bonds in an overconstrained region, and is its magnitude is defined as
the number of redundant constraints per bond within that region where the
bonds are locked. As a result, the rigid and flexible regions within the protein
are defined; when horse cytochrome ¢ is analyzed this way, with all hydrogen
bonds and salt bridges included, the main chain and covalently-bound heme
(latter not shown) comprise a single rigid cluster in Figure 2.

4 Decoding the Hierarchy of Flexibility in Cytochrome ¢
Considering the structure of cytochrome ¢ as one rigid cluster is overly sim-

plistic, as not all parts of the structure are equally rigid, depending on how
many redundant bonds are in the vicinity. We are especially interested in
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Figure 3: Multiple sequence alignment of cytochromes ¢ from horse (PDB code 1lhrc), yeast

(1ycc), and bacteria (1co6.A). Identical residues are shaded in black, and those with struc-

tural or chemical similarity are shaded gray; - indicates a gap in alignment, due to no
corresponding residue in the sequence.

those regions where flexibility will be induced first upon breakage of hydro-
gen bonds, say by interactions with a molecular partner such as cytochrome
¢ oxidase, or by thermal or chemical denaturation. Therefore, we consider
the result of diluting the hydrogen-bond network by individually removing the
weakest hydrogen bonds (those most susceptible to thermal breakage), then
observing the effect on the flexibility of the protein. We are also interested
in the extent to which the flexible and rigid regions are similar for differ-
ent species, and therefore have analyzed cytochromes ¢ from three distant
relatives: horse, yeast, and Rhodopseudomonas. In Figure 3, the ClustalW
(http://www2.ebi.ac.uk/clustalw) sequence alignment is shown for the three
species, which exhibit 39% identity over the aligned region.

The ease in which the bond network description of a protein may be mod-
ified in FIRST - for example, to reflect thermal denaturation or a side-chain
mutation — allows considerable ability to probe protein rigidity and flexibil-
ity. Another potential application is the prediction of protease-sensitive sites
in proteins. Thornton and colleagues 2? found that sites susceptible to prote-
olytic cleavage or nicking must adopt a canonical main-chain conformation to
fit the protease active site, and this usually involves changes in the conforma-
tion of at least 12 residues. Thus, FIRST prediction of main-chain flexibility
for 12 or more adjacent residues is expected to correlate with sensitivity to
proteolysis.

The decomposition of the protein into rigid and flexible regions can be
compared before and after the modification in the hydrogen-bond network, so
that any change in flexibility can be attributed directly to that set of hydrogen
bonds modified. Here, this approach is used to study the onset of flexibility
in cytochrome ¢ upon thermal dilution of the hydrogen-bond network. Each
hydrogen bond in the protein is assigned an energy, based on the distance and
angle-dependent function of Mayo et al. 1. Then, the hydrogen bonds are
broken individually, from weakest to strongest, and any resulting change in
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Figure 4: The structural decomposition of cytochrome c¢ into rigid clusters, showing the
increase in flexible regions as hydrogen bonds are removed from weakest to strongest. Panel
(A) is for the horse structure, (B) for yeast, and (C) for Rhodopseudomonas. With all
hydrogen bonds included (top line in each panel), the protein and its heme form a single
rigid cluster (red bar). New rigid cluster decompositions, with a separate colored bar for
each cluster, are shown for each hydrogen-bond deletion that changes the clusters; intervening
black lines represent flexible regions. The first column indicates the strength of the hydrogen
bond that was removed, and carets beneath the clusters indicate the hydrogen bond whose
breakage resulted in that set of rigid clusters. The code at the end of each line gives the
donor identity in blue, with PDB residue number and S for side-chain, M for main-chain,
W for water molecule, or H for heme, with the same information in red for the acceptor.
Secondary structure assignments (H for helix, T for turn) from DSSP appear at the top.

8



protein flexibility is noted. In Figure 4, those hydrogen bonds whose removal
caused a change in the number or size of the rigid clusters in the main chain
are shown for structures from the three cytochromes ¢. The first line in each
panel identifies the rigid clusters when all of the hydrogen bonds are present.
The total number of hydrogen bonds in each protein is listed on the upper left-
hand corner of each panel. Subsequent lines depict changes in rigid clusters
due to the incremental removal of hydrogen bonds. Each line is interpreted
as follows (from left to right): the energy of the hydrogen bond removed, the
rigid clusters present in the protein after removal of that hydrogen bond, and
the residues that formed the broken hydrogen bond. Non-adjacent regions of
the main chain may belong to the same rigid cluster; see, for instance, the
second line of Figure 4A, in which a short, flexible loop around residue 83 is
attached to one rigid cluster (red bars) formed by two discontiguous regions of
the sequence.

Removal of very weak hydrogen bonds (top bars in each panel) has little or
no effect on the rigidity of the protein; in all three cases, the structures retain
a single large cluster, with small regions becoming floppy (Figure 4). However,
once hydrogen bonds in the region of —0.65 to —0.80 kcal/mol begin to be re-
moved (corresponding to the thermal fluctuation of hydrogen bonds, in kg7,
Jjust above room temperature), each of the proteins fragment into smaller, in-
dependent clusters that correspond to the major secondary structural features
(the N- and C- terminal helices and “60’s” helix). In fact, these regions are
also found to be the most stable units in hydrogen-exchange NMR experiments
on horse cytochrome c2!. The study of Ptitsyn 22 indicates that only seven
residues are conserved across all known subfamilies of cytochromes c. He notes
that the four of these residues that are not heme ligands form a “folding clus-
ter”, the core of the packing interface between the N- and C-terminal helical
pair, which is the most stable region in cytochrome ¢. A main-chain hydrogen
bond between two of the absolutely conserved heme ligand residues, Cys 14
and His 18, likely is important in orienting their side chains for heme ligation,
and proves to be one of the most critical hydrogen bonds for the protein’s
stability identified by FIRST (line 5 in Figure 4A). This approach of removing
hydrogen bonds, then observing the resulting stable and flexible regions of the
protein structure, provides a means of identifying structurally critical hydro-
gen bonds whose removal fragments the tertiary structure. They are prime
candidates for mutagenesis to probe or increase protein stability.

The effects of the hydrogen-bond dilution on rigidity/flexibility, when
viewed in the context of the three-dimensional structures, are also quite similar
for the three species (Figure 5). The left-hand panels in this figure show the
rigid clusters (ribbons) in horse, yeast, and bacterial cytochromes c at the point
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Figure 5: Effect of hydrogen-bond dilution on the flexibility of cytochromes ¢ from horse
(panel A; PDB code lhrc), yeast (B, PDB lycc), and Rhodopseudomonas (C, PDB 1co6).
The structures in the left column (Al, B1, C1) show the rigid regions (colored ribbons)
that result when hydrogen bonds are removed one by one, starting with the weakest, until
the tertiary structure fragments into secondary and partial tertiary structures. The flexible
regions of the main-chain are colored magenta and shown as thin tubes; the heme appears
edge-on at center, in gold tubes. The right column (panels A2, B2 and C2) displays the
flexibility index mapped onto the main-chain ribbon at the same point in the hydrogen-
bond dilution as the left panels. Note the region of stable (rigid) structure nucleated by the
N-terminal and C-terminal helices, at left.
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in hydrogen-bond dilution corresponding to fragmentation into substructures
(line 6 in Figure 4 for horse, line 5 for yeast, and line 4 for Rhodopseudomonas).
The left side of each structure is a rigid domain formed by the N-terminal, C-
terminal, and 60’s helices in contact with the heme (seen edge-on, at center),
whereas the right edge of the structure, corresponding to the region in cy-
tochrome ¢ that docks with its electron transfer partners 23, is flexible (thin
magenta tubes). The right-hand panels in this figure show the relative flex-
ibility index (at the same point in hydrogen-bond dilution) mapped onto a
main-chain ribbon for each of the structures. Again, the left edge of each
structure is highly rigid (blue), and the flexible region lies at the exposed edge
of the heme, with some shift in the region of maximal flexibility in Rhodopseu-
domonas (towards the top edge of panel C2) relative to the other two species.

There are some intriguing differences in the three cytochromes shown in
Figure 5. For example the loop at top center is rigid in A2, but flexible with
a small rigid inclusion in B2 and C2. The biochemical significance of this, if
any, is unclear.

5 Conclusions

Significant insights into protein flexibility can be gained from the analysis of a
single protein conformation using FIRST. Only a few seconds of computational
time are needed and and interatomic potentials are not required. The increase
in speed means that flexibility calculations for large systems, which were pre-
viously infeasible, can now be accomplished in real time. This method can be
used to instantaneously assess changes in protein flexibility due to natural or
designed side-chain mutations, substrate or inhibitor binding, and interactions
with other molecules, including crystal lattice neighbors and solvent molecules.
Using this approach, information about protein (or other molecular) flexibility
can be extracted from a single snapshot of the protein structure, which can aid
drug design, protein engineering, and decoding protein folding pathways. The
application of this technique to cytochromes ¢ has allowed the identification of
critical hydrogen bonds that stabilize the tertiary structure, as well as aspects
of flexibility and stability shared by different species, and differences in flexi-
bility that may account for their different specificities and thermostabilities.
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